ABSTRACT To obtain enough reliability information of highly reliable products, step-stress accelerated degradation test becomes more and more popular as it helps to shorten test duration and reduce sample size. A reasonable step-stress accelerated degradation test plan provides a possibility to predict product's lifetime precisely when it is designed by using an appropriate optimization criterion based on the valid degradation information. In this paper, we investigate the mechanism equivalence in designing an optimum step-stress accelerated degradation test plan under Wiener process. In particular, an algorithm for extracting valid test information is formulated based on degradation mechanism equivalence analysis. Then, we propose the M -optimality criterion to improve the mechanism equivalence of a step-stress accelerated degradation test when designing an optimum plan. Subject to the total cost constraint, a comparison is carried out between the optimum plan designed by using M -optimality criterion and other plans designed by using traditional criteria through the case of light intensity degradation of LEDs.
I. INTRODUCTION
With the rapid advances in modern technology, more and more highly reliable products are designed and manufactured [1] . Under this situation, it is not an easy task for engineers to obtain sufficient failure information within a reasonable test duration and assess the lifetime effectively, even considering censored data and accelerating techniques [2] . However, if product's failure is associated with the degradation of some quality characteristics, accelerated degradation tests (ADTs) can be performed as they help to provide more information than traditional reliability tests and shorten the test duration greatly [3] - [4] . In addition, degradation measurements may provide additional information relating to product's failure mechanism.
For a specific ADT, different settings of stress levels can be performed according to the test conditions. Among them, step-stress accelerated degradation test (SSADT) is a special one in which all units are tested together with the stress level increasing step-wisely [5] . The SSADT becomes more and more popular as it provides a larger possibility for precise lifetime prediction of highly reliable products. In particular, SSADT is easier to carry out than a time-varying stress plan and has the advantage that only a few test units are needed to provide equivalent estimation precision comparing with other stress settings [6] . In the literature, many degradation models have been investigated for fitting the degradation path of SSADT, i.e., Wiener process model [7] - [13] , Gamma process model [14] - [15] , inverse Gaussian (IG) process model [16] - [18] and the general path models [19] . From the definition of Wiener process, it is known that the degradation path is not a strictly monotone increasing or decreasing function. In view of this, Wiener process model is more suitable for some products whose observed degradation paths have obvious fluctuation, i.e. light intensity degradation of LEDs [20] . If the degradation mechanism of SSADT remains unchanged under different stress levels, the test results can be extrapolated to estimate product's lifetime under the usage stress level via a proper acceleration relation. For example, when the degradation of products is accelerated by using temperature stress, the Arrhenius function will be used to model the relationship between degradation rate and stress level, as it explains the dependence of chemical reaction rate on temperature [21] .
To conduct a SSADT efficiently, special consideration needs to be paid to some decision variables, i.e. sample size, measurement frequency, the number of measurements during each stress level and so on, so that an optimum plan can be derived [22] - [23] . Extensive studies have been conducted to optimize these decision variables based on some optimization criteria, i.e., A-optimality, D-optimality and V -optimality. In most cases, these three optimization criteria are considered as they contribute to improve the estimation precision of model parameters or prediction accuracy of product's lifetime. In particular, A-optimality minimizes the trace of the first-order approximation of the variance-covariance matrix, which is in proportion to the inverse matrix of the Fisher information matrix [24] , and D-optimality maximizes the determinant of the Fisher information matrix directly [25] . Both A-and D-optimality contribute to improve the goodness-of-fit between degradation model and test data. V -optimality minimizes the asymptotic variance of the estimated p-th percentile of the lifetime distribution under the usage stress level, and it helps to improve the prediction accuracy [26] . For more details, see [27] - [29] .
Although the above-mentioned studies have been devoted to designing SSADT plans, most of the optimization criteria of these plans will only take effect on the basis of valid test information and accurate model assumptions. Usually, valid test information is defined as the degradation data derived under unchanged degradation mechanism, as only in this way, the test results are useful for extrapolation. Here, it is important to mention that not all of the degradation data collected from accelerated tests are valid. Some researchers have shown that the degradation mechanism may be different under different stress levels. Gillen et al. [30] found the variation of the degradation mechanism over a sufficiently wide range of temperatures. Tan and Singh [31] also verified the change of degradation mechanism under different stress levels in the case of LEDs, and thus a challenge in the extrapolation from accelerated stress to usage stress was caused by the variation of degradation mechanism. Under these circumstances, it is unbelievable to design an optimum SSADT using any optimization criterion above-mentioned. Thus, it is advisable to test the degradation mechanism before designing a SSADT and take the variation of degradation mechanism into account when establishing an optimization criterion [32] .
Usually engineers test and verify whether the degradation mechanism remains unchanged or not by using observation method via physical or chemical technologies. This direct method takes account of product's physical failures, i.e., functional or structural faults. However, some inner changes of the degradation mechanism may not be realized by the observation process. In view of this, we intend to analyze the degradation mechanism based on statistical methods. Study on whether the degradation mechanism remains unchanged or not based on statistical theory is known as mechanism equivalence analysis, which performs well in reflecting the statistical failures, i.e., the singular points of degradation path, and revealing the change of degradation mechanism more comprehensively [33] .
In this paper, a practical algorithm for extracting valid test information is firstly proposed based on the mechanism equivalence analysis. Then we discuss methods for designing an optimum SSADT plan based on the valid test information. The degradation path is adequately modeled by using Wiener process. Subject to the total cost constraint, an optimization criterion focused on improving the mechanism equivalence of SSADT is established by using the asymptotic variance of the mechanism equivalence factor, an index defined in this paper, as the objective function. In addition, a comparison is carried out between the optimum plan designed by using the proposed optimization criterion and those plans designed by using traditional criteria through the case of light intensity degradation of LEDs [5] . The main contributions of the paper focus on providing a new perspective for extracting valid test information and designing optimum test plan. The proposed optimization criterion differs from traditional criteria and has considered the mechanism equivalence which is regarded as the basis of an effective SSADT. We believe it reasonable and necessary to consider the mechanism equivalence, rather than blindly pursuing the best fitting, when one aims to predict product's lifetime precisely.
The remainder of the paper is organized as follows. In Section II, we introduce the basic settings of SSADT and the Wiener degradation model. In Section III, we investigate the mechanism equivalence and propose a novel algorithm for extracting valid test information. Log-likelihood function and corresponding Fisher information matrix are also derived in Section III. In Section IV, we review the definitions of some traditional optimization criteria, and establish our proposed optimization criterion. In Section V, a numerical case is used to compare the efficiency of optimum test plans designed by different criteria. Finally, concluding remarks and areas for future research are given in Section VI.
II. SSADT WITH THE WIENER DEGRADATION MODEL
In this section, we introduce the basic settings of SSADT, including the stress levels, the operating time as well as the measurement frequency, and model the degradation path by using Wiener process. The following notations will be used in this paper. 
During the SSADT, the degradation paths of products are measured according to a specified schedule. For simplicity, we assume that measurements are equally spaced, with a measurement frequency per f units time. For 1 ≤ i ≤ m, let l i denotes the number of measurements during s i . Then the specific measurement time during s i are expressed as
where 0 h=1 l h is defined to 0, j = 1, 2, · · · , l i . The termination time of s i is expressed as FIGURE 1 gives a graphical description of the stress and measurement profile of SSADT.
C. WIENER DEGRADATION MODEL
Let {y i (t) , t ≥ 0} denote the degradation path under s i , where
. If y i (t) follows the Wiener process, it is expressed as
where µ i denotes the drift parameter, σ i > 0denotes the diffusion parameter, B (·) is the standard Brownian motion, (t) is a monotone increasing function with (0) = 0, which represents the time scale transformation.
In degradation analysis, usually a failure occurs when the degradation path reaches a pre-specified failure threshold d. The failure time of a unit is defined as the initial time at which it reaches the threshold d. Let τ i denote the random variable associated with the failure time under s i , then
The cumulative distribution function (CDF) of τ i is
and the probability density function (PDF) of τ i is
where i = 1, 2, · · · , m. Then let y s (t) denote the degradation path of SSADT with a Wiener degradation model. Under each stress level, we assume that the degradation path depends only on the current stress level and the degradation path accumulated, but has nothing to do with the way of accumulation [18] .
Based on this assumption, the degradation path of SSADT can be described as (8) , as shown at the top of this page.
For illustration, FIGURE 2 shows a typical transformed SSADT degradation path. When the underlying degradation path is linear, the relationship between the mean of y s (t) and the mean of
respectively, with m = 3 is given.
In this way, when the observed degradation path of the pth test unit measured at t i,j is denoted as y p s t i,j , for any two adjacent measurement time t i,j−1 and t i,j , we can obtain
Without loss of generality, we assume (t) = t r in this paper, where r is the time transformation parameter, then we obtain (10) where
III. VALID TEST INFORMATION EXTRACTION
As mentioned in section I, an optimization criterion will only take effect on the basis of valid test information. In this section, we introduce the mechanism equivalence based on the acceleration factor constant principle, then propose an algorithm for extracting valid test information.
A. DEGRADATION MECHANISM EQUIVALENCE
Denote the CDF of product's failure time as F i (t) and F i t under the stress s i and s i , respectively. If there exists F i (t) = F i t , we define the ratio of time k i,i = t /t as the acceleration factor between the stress s i and s i .
According to the definition of acceleration factor, if we denote the value of reliability at time t by R, then we have
are the inverse functions of F i (·) and F i (·), respectively. It is easy to find that the acceleration factor is related to the value of reliability, thus it is related to product's working time. However, to meet engineering requirements, we often assume that the acceleration factor is constant between two constant stress levels, which implies that we have a true linear acceleration. Under this assumption, the acceleration factor is determined only by the values of stress levels and independent of other factors when degradation mechanism remains unchanged. To achieve this, for any time t, the following relationship should be satisfied, i.e.
Equation (11) is known as acceleration factor constant principle, which can also be denoted as
where f i (t) and f i t represent the PDFs of product's failure time under the stress s i and s i , respectively [34] . For Wiener degradation model, substitute the PDF of the unit's failure time into acceleration factor constant principle and we obtain (13) , as shown at the top of this page.
In order to ensure that k i,i is a deterministic factor, items including t in (13) should be eliminated or have zero coefficients, therefore we can obtain (15) Results show that there exists a fixed proportion between the drift parameter and the square of diffusion parameter of VOLUME 6, 2018 Wiener degradation model under different stresses, which indicates the quantitative relationship between degradation rate and degradation variation actually.
According to (14) , we define the mechanism equivalence factor of Wiener degradation model as
under the stress s i . Note that, for i = 1, 2, · · · , m, when the degradation mechanism remains unchanged, Mef i should be a constant in theory. However, because of the influence of sample variation and measurement errors, the estimates of Mef i will not be exactly identical under different stress levels. Actually, they should be statistically identical and fluctuate around the truth value.
B. VALID TEST INFORMATION EXTRACTION
Valid test information is defined as the degradation data derived under unchanged degradation mechanism. Thus, we test and verify whether the degradation mechanism remains unchanged or not under different stress levels, and extract the degradation data collected from mechanismunchanged stresses as valid test information.
According to the definition of mechanism equivalence factor, we transform the mechanism equivalence test to the parameter equivalence test and an algorithm is stated as follows.
Algorithm: 
) Given a significance level α, compare T i,j with t 1−α/2 (2n − 2), where t 1−α/2 (2n − 2) represents the upper quantile of the t distribution with a degree of freedom (2n − 2); h) When T i,j < t 1−α/2 (2n − 2), µ M ef i and µ M ef j are statistically identical, and not vice versa.
If results show that µ M ef l , l ∈ {1, 2, · · · , m} has significant difference with others, the degradation data under s l are regarded as invalid test information; conversely, the degradation data under s l are regarded as valid test information; i) End.
C. STATISTICAL INFERENCES
The quantitative relationship derived according to the acceleration factor constant principle can also be used to model the acceleration relation of SSADT. Before that, we normalize the stress values so that the acceleration relation can be written in a uniform way. Define
where ϕ (·) is a monotone function. Hence the range of x i ∈ (0, 1], for i = 1, 2, · · · , m. Based on this, we incorporate the stresses into Wiener degradation model by assuming the drift parameter
under the stress s i . Together with (14), we have
where a, b, c are unknown parameters to be estimated. When we select ϕ (s) = 1/ (s + 273.15), Equation (18) is transformed to the well-adopted Arrhenius model. Actually, a stress-related diffusion parameter has been used in ALTs [35] .
Under these assumptions, the log-likelihood function of SSADT is given by (20) , where ϑ = (a, b, c, r) denotes the unknown parameter vector.
Based on the observed degradation paths, the estimates of ϑ = (a, b, c, r) , which are denoted asˆ ϑ = â,b,ĉ,r , can be derived by maximizing ln L ϑ . Detailed derivations of ϑ = â,b,ĉ,r can be found in Appendix A.
To measure the asymptotic variance-covariance of the parameter estimates, the Fisher information matrix I ϑ is also derived by taking the expected values of the negative second derivatives of ln L ϑ with respect to a, b, c and r, respectively, i.e., (21) , as shown at the top of next page. The expressions for all of the elements in I ϑ are given in Appendix B.
IV. OPTIMAL DESIGN FOR SSADT
In this section, we design optimum SSADT plans. The derived valid test information will be used because they provide more believable designing information. Two types of optimization criteria used for designing SSADT plans are introduced at first. The first type is well-adopted and the second type is newly proposed. Then we formulate the optimization problem.
A. OPTIMIZATION CRITERIA
The first type of optimization criterion, including the Aoptimality criterion, D-optimality criterion and V -optimality criterion, have been used in most of the references. They contribute to improve the estimation precision of model parameters or the prediction accuracy of product's lifetime. Here we briefly review the definitions of them [11] . Denote the objective function as (ζ ).
1) A-OPTIMALITY CRITERION
Minimize the trace of the first-order approximation of the variance-covariance matrix of the MLEs of unknown model parameters, which is also the sum of the eigenvalues of the inverse matrix of Fisher information matrix. Based on this, we can derive the smallest total variance of the parameter estimates. A-optimality criterion can be formulated as
2) D-OPTIMALITY CRITERION
Maximize the determinant of Fisher information matrix, which is equal to minimize the determinant of asymptotic variance-covariance matrix. Using D-optimality criterion, we can derive the smallest overall variability of all model parameters as well as the highest joint confidence precision. Usually D-optimality criterion is expressed as
3) V -OPTIMALITY CRITERION
Minimize the asymptotic variance of the estimated p-th percentile of product's failure time distribution at the usage stress level. Note that, V -optimality criterion grabs the most attention when optimizing a SSADT plan because the p-th percentile of product's failure time distribution at the usage stress level is an important reliability index to be estimated. Using the Delta-method, V -optimality criterion is expressed as
where ξ 0,p = F −1 0 (p), and
The second type of criterion is newly proposed used for designing SSADT plans and it contributes to improve the mechanism equivalence of SSADT directly. As mentioned in section III, there exists a fluctuation among the estimates of the mechanism equivalence factor as a result of sample variation and measurement errors. We hope the fluctuation as small as possible because it determines the mechanism equivalence of SSADT.
4) M-OPTIMALITY CRITERION
M -optimality criterion is formally proposed by using the asymptotic variance of the mechanism equivalence factor as the objective function when designing an optimum SSADT plan. Actually, we have applied this objective function in designing an optimum constant-stress ADT plan [36] . In this way, a SSADT with better mechanism equivalence yields smaller asymptotic variance and not vice versa. We expressed the M -optimization criterion as
where Mef denotes the truth value of the mechanism equivalence factor, and
where
It is easy to find that, both of two types of optimization criteria are established based on the Fisher information matrix of the MLEs of model parameters. However, they have absolutely different objective functions, so different optimum test plans will be derived. VOLUME 6, 2018
B. OPTIMIZATION PROBLEM
Designing an optimum SSADT plan, the most commonly used constraint is the total cost, which is often limited in practice. Usually the total cost consists of three parts, i.e., operation cost, measurement cost and sample test. Denote the total cost as TC, then we have
where c op is the operation cost per unit time, c me is the cost of each measurement and c sa is the cost per test sample. Under the constraint that TC does not exceed a given allowable budget c b , we plan to optimize the following decision variables, i. 
Using the novel M -optimality criterion, an optimization problem is formulated as
Due to the complex form of the objective function, an analytic expression for the solution of this problem does not exist. However, an optimum plan ζ * = n * , f * , l * 1 , · · · , l * m can be evaluated by using the exhaustive method, i.e. comparing all of the plans satisfying the given constraints and select the plan with smallest Avar M ef .
V. A NUMERICAL EXAMPLE
This section illustrates the algorithm for extracting valid test information and the M -optimality criterion through the case of light intensity degradation of LEDs, which was proposed by Tseng and Wen [5] .
A. TEST DESCRIPTION
LEDs are well-adopted in many electrical products. A major quality characteristic of LED is light intensity. Due to material and environmental factors, the light intensity will degrade with time and its degradation process can be accelerated by temperature. In the case of Tseng and Wen [5] The changing time of each stress level and the termination time of the test are 1104h, 3120h, 5808h, 8110h and 9118h, respectively. FIGURE 3 describes the standardized light intensities, i.e. the relative degradation paths which describe the ratio of current state to initial state of 22 LEDs. The failure of LED occurs when the ratio reaches 50%, i.e. d = 50%. Refer to Tseng and Wen [5] , a validity test for this set of data was carried out. Result showed that only the data collected from temperatures less than or equal to 65 • C are valid. Liao and Tseng [29] also discussed how to design optimum SSADT plans based on this set of data under the constraint that the total cost does not exceed several given allowable budgets, i.e. 2500, 3000 and 3500 dollars. In their study, the cost configurations are c op = 0.6 dollars/hour, c me = 0.3 dollars/ measurement, and c sa = 55 dollars/sample. By using the Voptimality criterion, two-level SSADT (45 • C and 85 • C) and three-level SSADT (45 • C, 65 • C and 85 • C) optimum plans were designed. However, they did not test the validity of the degradation data in FIGURE 3 , and all of their results were obtained based on the total test information.
In this example, we continue to use the basic test settings mentioned above. Different from Liao and Tseng [29] , we will extract valid test information based on the proposed algorithm at first. Then we design optimum SSADT plans by using M -optimality criterion according to the valid test information. A comparison between our optimum plans and those traditional plans will also be carried out.
B. VALID TEST INFORMATION EXTRACTION AND PARAMETER ESTIMATION
Due to the non-monotonicity of the light intensity data, Wiener process is used to model the degradation path of each test unit. Both of the MLEs of the drift parameterμ i,p and the diffusion parameterσ i,p are estimated. where i = 1, 2, ·5 and p = 1, 2, · · · , 22. It is not difficult to estimate the mean of the mechanism equivalence factors under each stress level, i.e.
According to TABLE I, we use the Anderson-Darling statistic to test whether the elements of
follow a normal distribution for i = 1, 2, · · · , 5. Results show that the assumption is accepted when we choose α = 0.05 as the significance level. FIGURE 4 presents the normal probability plots for the estimates derived under each stress level. Next, t statistic is used to test whether the estimates of mechanism equivalence factor under different stress levels are statistically identical or not. The boundary of rejection region is given by t 0.975 (42) = 2.02. 
It is easy to find that, from TABLE II, the estimates of the mechanism equivalence factor under s 4 and s 5 have significant difference with the estimates under s 1 , s 2 , s 3 , which means that only the degradation data collected under temperatures less than or equal to 65 • C can be regarded as valid test information. It is consistent with the conclusion given by Tseng and Wen [5] . According to these valid test information, the MLEs of unknown model parameters are obtained by maximizing the log-likelihood function, i.e. ϑ = â,b,ĉ,r = (−3.1803, 1.0120, −8.1237, 0.2803)
C. OPTIMUM SSADT PLANS DESIGNED BY M-OPTIMALITY CRITERION
Next, we design optimum SSADT plans based onˆ ϑ for the cases of m = 2 and m = 3.
1) OPTIMUM TWO-LEVEL PLAN
Many previous studies demonstrated that, for SSADT, the optimum plan is actually a simple two-level plan. Set two stresses as s 1 = 45 • C and s 2 = 65 • C, then the optimum plans are designed under various budget constraints c b , as presented in TABLE III. For example, when c b = 3000, the optimum plan is
, 62, 5) Note that, similar to the traditional plans, the number of measurements under lower stress is obviously bigger than the number under higher stress. However, it is easy to find that the ratio of the number of measurements under lower and higher stress is sensitive to the allowable budgets. 
2) OPTIMUM THREE-LEVEL PLAN
Three-level SSADT plans are usually considered in practical applications because they tend to decrease the radicalness of two-level SSADT plans and be more reliable from some risks. Set three stresses as s 1 = 45 • C, s 2 = 55 • C and s 3 = 65 • C. Then the optimum plans are designed under various budget constraints, as presented in TABLE IV. For example, when c b = 3000, the optimum plan is
3) SENSITIVITY ANALYSIS
Note that, in practice, the unknown model parameters may not be estimated precisely in a pilot study. Hence, it is important to investigate the effects of these parameters on the optimum plan. Denote the estimation bias for a, b, c and r as ε 1 , ε 2 , ε 3 and ε 4 , respectively. When selecting c b = 3000, the optimum two-level plan is designed under various combinations of
As shown in TABLE V, results show that the optimum plan tends to be quite robust for a moderate departure from the assumed values of these parameters. In addition, considering that the stress levels are pre-specified in this paper, it is essential to investigate the deviation of the optimum plan under the variation of stress levels. 
D. ALTERNATIVE OPTIMUM PLANS
In this section, we consider alternative optimum SSADT plans designed by using other optimization criteria. It could be practically beneficial to design an optimum SSADT plan by using different optimization criteria when we are not only interested in a particular objective function. TABLE VII presents the optimum two-level plans, where s 1 = 45 • C and s 2 = 70 • C, derived by using A-optimality, D-optimality, V -optimality and M -optimality, respectively. Corresponding objective values are also provided. All of the results are derived under the Wiener degradation model with a budget constraint c b = 3000. Results show that the M -optimality plan does not significantly reduce the estimation precision of model parameters (compared with D-optimality) or the prediction accuracy of product's lifetime (compared with Voptimality), while it significantly improves the mechanism equivalence. Thus, we believe that the M -optimality plan has advantages compared with traditional optimum plans. In addition, it is not difficult to find that we need to reduce the measurement frequency for improving the mechanism equivalence of SSADT and we need to increase the number of measurements during each stress level for improving the prediction accuracy. Under the constraint of the total cost, it is unpractical to reduce the measurement frequency and to increase the number of measurements during each stress level at the same time, which means that we have to find a balance between the mechanism equivalence and prediction accuracy when designing an optimum SSADT plan.
VI. CONCLUSION
This paper has considered the mechanism equivalence in designing an optimum SSADT plan under Wiener process. In particular, based on the mechanism equivalence analysis, a practical algorithm for extracting valid test information is constructed and the M -optimality criterion is proposed by using the asymptotic variance of mechanism equivalence factor as the objective. Under a total cost constraint, the M -optimum plan is obtained and compared with other plans which mainly focus on improving the goodness-of-fit.
Our research may be extended in several directions. The first is to consider mechanism equivalence in a degradation process with measurement errors. As mentioned in Section III, the mechanism equivalence describes the relationship between degradation rate and variation. Measurement errors are actually a major cause of degradation variation, so it is meaningful to consider the impact of measurement errors on mechanism equivalence. According to the well-adopted normality assumption of the measurement error, it will be straightforward to incorporate measurement errors into a Wiener process. The second is to consider the mechanism equivalence in product's remaining useful life prediction as we believe that it is necessary to balance the mechanism equivalence and prediction accuracy in degradation analysis. In addition, it is beneficial to condition-based maintenance and prognostics and health management.
APPENDIX

A. MLE OF UNKNOWN MODEL PARAMETERS
According to Section III, the log-likelihood function
where ϑ = (a, b, c, r) is the parameter vector to be estimated. Taking derivative of ln L ϑ with respect to a, b, c and r, respectively, we derive (B4) 
